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a b s t r a c t

Short-term time series algebraic prediction technique with mixed smoothing is presented in this paper.
Evolutionary algorithms are employed for the identification of a near-optimal algebraic skeleton from
the available data. Direct algebraic predictions are conciliated by internal errors of interpolation and
external differences from the moving average. Computational experiments with real world time series
are used to demonstrate the effectiveness of the proposed forecasting algorithm.

& 2015 Elsevier B.V. All rights reserved.

1. Introduction

Time series prediction is a challenging problem in many fields
of science, engineering and finance. Time series forecasting tech-
niques could be conditionally classified into long-term time series
forecasting techniques and short-term time series forecasting
techniques. In general, the object of all time series forecasting
techniques is to build a model of the process and then use this
model to extrapolate past behavior into future. Unfortunately, the
applicability of techniques for building the model of a long time
series for a short time series is often impossible simply due to the
fact that the amount of available data for training, validation and
testing is simply too small. On the other hand, one step-forward
future horizon is often a sufficient requirement for a short-term
time series predictor.

Smoothing methods can be successfully involved in short-term
forecasting techniques. The use of general exponential smoothing
to develop an adaptive short-term forecasting system based on the
observed values of integrated hourly demand is explored in [1].
Short-term load forecasting with exponentially weighted methods
is proposed in [2].

Applications of neural network techniques to short-term time
series forecasting are widely used [3]. Artificial neural network
(ANN) and Markov chain (MC) are used to develop a new ANN-MC
model for forecasting wind speed in very short-term time scale
[4]. A novel hybrid approach, combining adaptive-network-based

fuzzy inference system, wavelet transform and particle swarm
optimization for short-term electricity prices forecasting in a
competitive market on the electricity market of mainland Spain,
is presented in [5]. A similar day-based wavelet neural network
method to forecast tomorrow's load is proposed in [6]. Another
short-term load forecasting based on a semi-parametric additive
model is presented in [7]. An adaptive neuro-fuzzy inference
system to forecasting a very short-term wind time series is
presented in [8]. The radial basis function ANN with a nonlinear
time-varying evolution particle swarm optimization (PSO) algo-
rithm is used to forecast one-day ahead and five-days ahead of a
practical power system in [9]. PSO algorithms are employed to
adjust supervised training of adaptive ANN in short-term hourly
load forecasting in [10]. An adaptive two-stage hybrid network
with self-organized map (SOM) and support vector machine (SVM)
is used for short-term load forecasting in [11].

Artificial neural networks (ANNs) can be combined with other
time series forecasting methods like autoregressive integrated
moving average (ARIMA) models to take advantage of the unique
strength of ARIMA and ANN models in linear and nonlinear
modeling [12]. One day ahead forecasting techniques for energy
demand and price prediction that combine wavelet transform
(WT) with fixed and adaptive machine learning/time series
models (multi-layer perceptron (MLP), radial basis functions,
linear regression, or GARCH) are proposed in [13]. A hybrid
methodology that combines both autoregressive integrated mov-
ing average (ARIMA) and artificial neural network (ANN) models
for predicting short-term electricity prices is proposed in [14].
Short-term electricity prices hybrid forecast model that detaches
high volatility and daily seasonality for electricity price based on
empirical mode decomposition, seasonal adjustment and ARIMA

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/neucom

Neurocomputing

http://dx.doi.org/10.1016/j.neucom.2015.07.018
0925-2312/& 2015 Elsevier B.V. All rights reserved.

n Corresponding author.
E-mail addresses: rita.palivonaite@ktu.lt (R. Palivonaite),

kristina.lukoseviciute@ktu.lt (K. Lukoseviciute),
minvydas.ragulskis@ktu.lt (M. Ragulskis).

Neurocomputing 171 (2016) 854–865

www.sciencedirect.com/science/journal/09252312
www.elsevier.com/locate/neucom
http://dx.doi.org/10.1016/j.neucom.2015.07.018
http://dx.doi.org/10.1016/j.neucom.2015.07.018
http://dx.doi.org/10.1016/j.neucom.2015.07.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.07.018&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.07.018&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1016/j.neucom.2015.07.018&domain=pdf
mailto:rita.palivonaite@ktu.lt
mailto:kristina.lukoseviciute@ktu.lt
mailto:minvydas.ragulskis@ktu.lt
http://dx.doi.org/10.1016/j.neucom.2015.07.018


is developed in [15]. The comparison of the predictions of non-
linear models (artificial neural networks) with linear models (of
the ARMA type) to forecast the short-term demand for electricity
is presented in [16]. A robust two-step methodology for accurate
wind speed forecasting based on Bayesian combination algorithm
and three neural network models is proposed in [17]. A time
series model of forecasting very short-term wind speed that
integrates the concepts of structural breaks and Bayesian infer-
ences, which allows prior information about the wind speeds to
be incorporated into the model and boosts forecasting perfor-
mance, is presented in [18].

Short-term time series forecasting techniques are successfully
applied to predict weather conditions, especially wind speed. The
promising results in electricity market while predicting next days
electricity load demand or price implicate that short-term time series
techniques can be successfully employed also in the financial market
(where financial time series can be characterized by having the long-
memory effect, thick tails and volatility persistence). A support vector
machine (SVM) based Markov-switching multifractal (MSM) app-
roach which exploits iterative MSM model to forecast volatility and
SVM to model the innovations is proposed as a promising alternative
to financial short-term volatility prediction [19]. A hybrid ANFIS based
forecasting model using linear model and moving average technical
index to forecast TAIEX stock is proposed in [20]. A hybrid method
that combines multiple kernel learning (MKL) and a genetic algorithm
(GA) to forecast short-term foreign exchange rates is presented in
[21]. A three-stage nonlinear ensemble model, where three different
types of neural-network based models are optimized by improved
particle swarm optimization (IPSO) and generated by support vector
machines (SVM) neural network, is used for a day-ahead stock e-
exchange prices forecasting [22].

In spite of numerous amount of forecasting models and
techniques, there cannot be a universal model that will predict
everything well for all problems and there will probably not be a
single best forecasting method for all situations. The combination
of several prediction methods into a hybrid model could extend
the limits of its applicability and could capture the patterns which
are difficult to apprehend by using isolated traditional models
[23]. Nevertheless, even hybrid models cannot be considered as
being universal.

The main objective of this paper is to propose an algebraic
short-term time series predictor with mixed smoothing which
extends the functionality of algebraic predictors with external [24]
and internal smoothing [25]. This paper is organized as follows. An
overview of algebraic predictors with external and internal
smoothing is presented in Section 2. The structure of algebraic
predictor with mixed smoothing is discussed in detail in Section 3.
The role of evolutionary algorithms in algebraic forecasting with
mixed smoothing is presented in Section 4. Computational experi-
ments are discussed in Section 6; concluding remarks are given in
the last section.

2. Preliminaries

2.1. The rank of a sequence

An order n linear recurrence sequence (LRS) with constant
coefficients reads

xk ¼ αn�1xk�1þαn�2xk�2þ⋯þα0xk�n; k¼ 0;1;…; ð1Þ
where coefficients αj, j¼ 0;1;…;n�1 are constants. The initial
conditions xk, k¼ 0;1;…;n�1 uniquely determine the evolution of
this LRS [26,27]. The auxiliary polynomial to Eq. (1) reads

P ρð Þ ¼ ρn�αn�1ρ
n�1�αn�2ρ

n�2�⋯�α0: ð2Þ

If the n roots ρ1; ρ2;…; ρn of Eq. (2) are all distinct then the LRS
takes the form

xj ¼ μ1ρ
j
1þμ2ρ

j
2þ⋯þμnρ

j
n; ð3Þ

where the coefficients μ1; μ2;…; μn are determined in order to fit
the initial conditions of the recurrence. Note that all roots are real
or complex conjugate if only LRS is real. If though some roots
coincide, then the recurrence reads

xj ¼
Xr
k ¼ 1

Xnk �1

l ¼ 0

μkl
j

l

� �
ρj� l
k ; ð4Þ

where r is the number of distinct roots; nk is the multiplicity index
of the kth root; n1þn2þ⋯þnr ¼ n.

The algorithm for the reconstruction of the model of LRS from a
sequence ðxjÞþ1

j ¼ 0 is more complex if the order of RMS is not known
beforehand. Hankel transform of ðxjÞþ1

j ¼ 0 yields the sequence
ðhjÞþ1

j ¼ 0 where hj ¼ det Hj and Hj ¼ xkþ l�2
� �

1rk;lr ðjþ1Þ is a Hankel
catalecticant matrix (the dimensions of Hj are ðjþ1Þ � ðjþ1Þ). If
there exists nZ1 such that hna0 but hk ¼ 0 for all k4n, then
ðxjÞþ1

j ¼ 0 is LRS, its order is n and the auxiliary equation (2) now
reads

x0 x1 ⋯ xn
x1 x2 ⋯ xnþ1

⋯ ⋯ ⋯ ⋯
xn�1 xn ⋯ x2n�1

1 ρ ⋯ ρn

������������

������������
¼ 0: ð5Þ

This linear system of algebraic equations has one and the only
one solution because hna0 [28].

The following example illustrates the identification of the
algebraic model of a time series. Let us consider a sequence

S¼ 2;5;14;42;130;406;1266;…ð Þ:
The proposed sequence is an order n¼3 linear recurrence

sequence because hk ¼ 0 for all k43. The auxiliary equation

2 5 14 42
5 14 42 130
14 42 130 406
1 ρ ρ2 ρ3

���������

���������
¼ �2ρ3þ14ρ2�32ρþ24¼ 0

yields roots ρ1 ¼ ρ2 ¼ 2; ρ3 ¼ 3. Then n1 ¼ 2;n2 ¼ 1 and (4) takes
the following form: xn ¼ μ10ρ

n
1þμ11nρn�1

1 þμ20ρ
n
2. The linear alge-

braic system for identification of coefficients μ10, μ11, μ20 reads

1 0 1
ρ1 1 ρ2
ρ21 2ρ1 ρ22

2
64

3
75

μ10
μ11
μ20

2
64

3
75¼

2
5
14

2
64

3
75:

Solutions are μ10 ¼ 0, μ11 ¼ �1, μ20 ¼ 2. Thus, finally,
xn ¼ 2 � 3n�n � 2n�1.

Corollary 1. The order of a random sequence is infinite. The proof is
straightforward. Assume that the order of a random sequence is finite.
Then, according to Eq. (4), it is possible to reconstruct the algebraic
model governing the evolution of this random sequence. Thus, the
dynamics of the sequence is deterministic, what contradicts to the
definition of a random sequence.

Corollary 2. Let the order of ðxjÞþ1
j ¼ 0 is m and the order of a random

sequence ðεjÞþ1
j ¼ 0 is infinite. Then the order of ðxjþεjÞþ1

j ¼ 0 is infinite.
The proof follows from Eq. (4).

All real world time series are inevitably contaminated with an
additive noise. Thus a straightforward application of algebraic LRS
theory is impossible to real world time series. Special adaptive
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algebraic techniques must be developed before exact algebraic
models can be employed in time series forecasting techniques.

2.2. Algebraic prediction, external smoothing (APES)

Algebraic polynomials of moderate order are rather efficient to
approximate gradually varying one-variable functions without
discontinuities or breaks [29]. However, the greater the model
dimension becomes, the less is the probability of successful
modeling results with algebraic polynomials. APES predictor [24]
helps to solve many of the problems associated to the model
dimension and the variability of the time series. The basic idea of
this prediction technique can be described as follows. Let 2nþ1
observations are available for building the model of the process:
ðxkÞþ1

k ¼ 0; where 2n is the value of the observation at the current
moment. It is assumed that dna0 – otherwise the algebraic model
of the process can be reconstructed from Eq. (5) and the prediction
would be straightforward. But since that is not the case, a
proposition is made that the available observations are produced
from some sort of algebraic skeleton sequence by adding the
external noise to its elements. In other words, the goal is to
identify such vector of corrections ðε0; ε1; …; ε2nÞ that the follow-
ing equality would hold true

~dn ¼ det

x0�ε0 x1�ε1 ⋯ xn�εn

x1�ε1 x2�ε2 ⋯ xnþ1�εnþ1

⋯ ⋯ ⋯ ⋯
xn�εn xnþ1�εnþ1 ⋯ x2n�ε2n

2
66664

3
77775-0: ð6Þ

Unfortunately, this is an ill-posed inverse problem and the
identification of the skeleton algebraic sequence is impossible if
the vector of corrections is not associated to a concrete fitness
function. The fitness function proposed in [24] reads

Fe ε0;…; ε2nð Þ ¼ 1

a ~dn

��� ���þP2n
k ¼ 0 λk εk

�� ��; ð7Þ

where the parameter a determines the penalty proportion
between the magnitude of the determinant and the sum of
weighted corrections; λk defines the tolerance corridor for correc-
tions εk (note that Fe ¼ þ1 if dn ¼ 0 and no corrections are
required). Evolutionary computation strategy is developed in
[24] which allows the identification of a near-optimal vector of
corrections by averaging 100 reconstructed algebraic skeletons for
every single prediction (the prediction horizon is 1 step). Note that
the prediction error metric is not present in the expression of the
fitness function. Consecutive averaging of algebraic skeletons is
represented in the title of the prediction technique.

2.3. Algebraic prediction, internal smoothing (APIS)

The alternative prediction strategy for short time series is
proposed in [25]. Now it is assumed that only 2n observations
are available: ðxkÞ2n�1

k ¼ 0 ; and x2n�1 is the value of the observation at
the present moment. Then it is possible to identify the next
element of the sequence 2n from the equation dn ¼ 0 (if only the
original sequence is actually an algebraic sequence). Unfortunately,
all real world time series are contaminated by some sort of noise –

therefore it is clear that such straightforward computations cannot
produce acceptable predictions. Thus, APIS tries to smooth the
forecast before the prediction is done – instead of trying to make a
straightforward projection of the algebraic model into the future.
In other words, a conciliation between the variability of the
skeleton algebraic sequences and the smoothness of the averaged

estimates is sought in [25]

Fi ε0;…; ε2n�1ð Þ ¼ 1

a
P2n�1

k ¼ 0 λk εk
�� ��þ ~x2n�x2n

�� ��; a40; ð8Þ

where ~x2n is determined from the equality

det

x0�ε0 x1�ε1 ⋯ xn�εn

x1�ε1 x2�ε2 ⋯ xnþ1�εnþ1

⋯ ⋯ ⋯ ⋯
xn�εn xnþ1�εnþ1 ⋯ ~x2n

2
66664

3
77775¼ 0; ð9Þ

and x2n is the smoothed moving average of ðxk�εkÞk ¼ 0
2n�1. In other

words, Fi ¼ þ1 if only a straightforward algebraic prediction
produces a forecast which does coincide with the smoothed
moving average. Evolutionary computation strategies are devel-
oped in [25] in order to determine near-optimal smoothed
skeleton algebraic sequences. The structure of algebraic predictor
with mixed smoothing is discussed in detail in the next section.

3. Algebraic prediction, mixed smoothing (APMS)

3.1. Construction of the fitness function

Let 2nþ1 observations are available for building the model of
the process: ðxkÞ2nk ¼ 0; where x2n is the value of the observation at
the current moment. Let us introduce the fitness function for the
set of corrections ðεkÞ2nk ¼ 0

Fm ε0; ε1;…; ε2nð Þ ¼ 1P2n
k ¼ 0 εk

�� ��þaÊþb x̂2nþ1�x2nþ1
�� ��; a; b40;

ð10Þ
where parameters a and b are penalty proportions between
different terms in the denominator of the fitness function; Ê is
the error computed between the observations ðxkÞ2nk ¼ 0 and the
reconstructed algebraic skeleton; x̂2nþ1 is the algebraic prediction
and x2nþ1 is the moving average: x2nþ1 ¼ 1

s

Ps�1
k ¼ 0 x2n�k, where s is

the averaging window.
The principal difference between APMS and APIS (or APES) is in

the introduction of the error norm into the fitness function of
corrections. But this introduction is far from being straightforward.
First of all (similarly to APES) corrections ðεkÞ2nk ¼ 0 are used to
deform the observation sequence. Note that we do not require (6)
to hold true – we do not push the absolute value of the
determinant of the deformed sequence to zero

det

x0�ε0 x1�ε1 ⋯ xn�εn

x1�ε1 x2�ε2 ⋯ xnþ1�εnþ1

⋯ ⋯ ⋯ ⋯
xn�εn xnþ1�εnþ1 ⋯ x2n�ε2n

2
66664

3
77775a0: ð11Þ

Instead, we do neglect the value ~x2n ¼ x2n�ε2n and assume that
ð ~xkÞ2n�1

k ¼ 0 is an algebraic sequence (in principle, ~x2n can be com-
puted from Eq. (9)). Now, it is possible to construct the character-
istic Hankel equation for the sequence ð ~xkÞ2n�1

k ¼ 0 (5)

det

~x0 ~x1 ⋯ ~xn
~x1 ~x2 ⋯ ~xnþ1

⋯ ⋯ ⋯ ⋯
1 ρ ⋯ ρn

2
66664

3
77775¼ 0; ð12Þ

and to reconstruct the explicit expression of the algebraic skeleton
(Eq. (4)). The algebraic prediction x̂2nþ1 is now considered as the
extrapolation (the horizon of the extrapolation is equal to 1) of the
algebraic skeleton defined by Eq. (4).

Moreover, it is now possible to assess the quality of the
algebraic skeleton by the root mean squared error (RMSE)
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between the skeleton and the original observation

Ê ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2nþ1

X2n
k ¼ 0

ðx̂k�xkÞ2
vuut : ð13Þ

Note that Êa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2nþ1

P2n
k ¼ 0 ε

2
k

q
.

In other words, we do seek a balance between the closest
algebraic skeleton and the smoothing of current observations. The
ability to assess the quality of the algebraic skeleton, to minimize
the distance of this skeleton from the observation data, and to
reach the closeness of the algebraic prediction to the moving
average exemplifies the potential of APMS.

Time series models are usually strongly non-linear and non-
stationary. The question is if an algebraic predictor could be a right
choice for such time series. However, APES and APIS already
demonstrated that predictors based on the evolutionary identifi-
cation of near-optimal algebraic skeletons (which are neither
linear nor stationary) are well applicable for non-linear and non-
stationary sequences. Moreover, APES has been successfully used
for the segmentation of non-stationary time series [30]. Thus,
APMS seems to be a credible approach for non-linear and non-
stationary time series.

3.2. A simple numerical example

A simple numerical example is used to illustrate the APMS
forecasting scheme. Let us assume that 5 data points are available
(n¼2): x0 ¼ 1:5; x1 ¼ 1:3; x2 ¼ 2:1; x3 ¼ 2:9 and x4 ¼ 3:7. Let us
assume that the width of the observation window for the moving
average algorithm is s¼2. Then the moving average forecast is
x2nþ1 ¼ x3 þ x4

2 ¼ 3:3.
Without losing the generality we assume that a¼ b¼ 1. Correc-

tions εk are used to construct the sequence ~xk ¼ xk�εk; k¼ 0;…;4.
Then the characteristic equation reads

det

1:5�ε0 1:3�ε1 2:1�ε2

1:3�ε1 2:1�ε2 2:9�ε3

1 ρ ρ2

2
64

3
75¼ 0;

the target function to be maximized reads

Fm ε0; ε1; ε2; ε3; ε4ð Þ ¼ 1P4
k ¼ 0 εk

�� ��þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
5

P4
k ¼ 0 ðx̂k�xkÞ2

q
þ x̂5�x5
�� ��;

ð14Þ
Let us assume that ε0 ¼ 0:1; ε1 ¼ �0:1; ε2 ¼ �0:1; ε3 ¼ 0:1;

ε4 ¼ 0. Then the equality

det

1:4 1:4 2:2
1:4 2:2 2:8
1 ρ ρ2

2
64

3
75¼ 1:12ρ2�0:84ρ�0:92¼ 0

yields two roots ρ1 ¼ �0:6058 and ρ2 ¼ 1:3558. Coefficients μ10
and μ20 can be determined from the relationship:

μ10
μ20

 !
¼

ρ31 ρ32
ρ41 ρ42

 !�1

�
~x3
~x4

 !
¼ �0:222 2:492

0:135 3:379

� ��1

� 2:8
3:7

� �
¼ �0:2209

1:1037

� �
:

Then, direct algebraic extrapolation ~xn ¼
P2

k ¼ 1 μk0ρ
n�0
k ;

n¼ 0; 1; 2; …; k¼ 1; 2 reads: x̂0 ¼ 0:883, x̂1 ¼ 1:63, x̂2 ¼ 1:948,
x̂3 ¼ ~x3 ¼ 2:8, x̂4 ¼ ~x4 ¼ 3:7.

Now, it is possible to compute the extrapolation error

Ê ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
5

P4
k ¼ 0 x̂k�xk

� �2q
¼ 0:323, the sum of absolute values of

corrections
P4

k ¼ 1 εk
�� �� and the difference x̂5�x5

�� ��¼ 1:775. Finally,
the value of the target function reads:

Fm 0:1; �0:1; �0:1; 0:1; 0ð Þ ¼ 0:4002 and the forecast is
x̂5 ¼ 5:075.

It is clear that the optimization of the target function is a rather
complex computational task even for such a primitive example.
One could try to use deterministic strategies – for example a full
sorting algorithm on a regular grid. But even a rather coarse grid
εk ¼ �0:1 : 0:01 : 0:1; k¼ 0; 1; …; 4 results into 215 ¼ 4;084;101
sets of corrections. Full sorting (on this regular grid) results into
Fm �0:05; �0:1; �0:06; 0:1; �0:1ð Þ ¼ 0:4313 and x̂5 ¼ 5:107.

It is obvious that more demanding predictions comprising
longer windows of observations can be solved exploiting only soft
computing strategies.

3.3. APMS forecasting strategy

The prediction strategy is illustrated by the following structural
algorithm.

A. The prediction strategy.
(1) Select the prediction error eps40.
(2) Validation. Repeat until the prediction RMSE oeps.

(2.1) Initialization. Select n (the width of the observation
window for the algebraic model becomes 2nþ1) and
s (the width of the moving average window);
sr2nþ1. Assign first 2nþ1 elements of the time
series to the Initialization Set.

(2.2) Execute the APMS prediction algorithm (described in
Part B) for at least 2nþ1 forward steps. Compute the
RMSE for the available prediction data.

(2.3) Return to (2.1) until the condition in step (2) is not
satisfied.

(3) Perform APMS prediction (as described in Part B) for the
required number of time forward steps.

B. APMS one-step forward prediction algorithm.
(1) Compute the moving average x2nþ1 from ðxkÞ2nk ¼ 2n� sþ1.
(2) Use a preselected Evolutionary Algorithm to find a near-

optimal set of corrections ðεkÞ2nk ¼ 0:
(2.1) Generate the population of sets of corrections.
(2.2) For every set of corrections, compute the fitness of

the set:
(2.2.1) Compute the sum

P2n
k ¼ 0 εk

�� ��.
(2.2.2) Reconstruct the algebraic sequence x̂2nþ1

k ¼ 0
from the deformed sequence ~x2nk ¼ 0 ¼ ðxk�
εkÞ2nk ¼ 0 according to Eqs. (12) and (4).

(2.2.3) Compute errors of the algebraic reconstruc-

tion Ê ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2nþ1

P2n
k ¼ 0 x̂k�xk

� �2q
.

(2.2.4) Find the difference between the algebraic
extrapolation and the moving average
x̂2nþ1�x2nþ1
�� ��.

(2.2.5) Compute the value of Fm ε0; ε1; ε2nð Þ according
to Eq. (10).

(2.3) Iterate the Evolutionary Algorithm until a near-
optimal set of corrections is found.

(3) Reconstruct x̂2nþ1 using the near-optimal set of corrections
ðεkÞ2nk ¼ 0.

(4) Shift the observation window by 1 step forward and return
to step (B.1).

4. Evolutionary algorithms for the identification of a near-
optimal set of corrections

As seen from the description of the structural algorithm in
Section 3, the parameters of the optimization algorithms are
preset at the beginning of the validation. The objective of this
section is to determine this set of parameters. We will start the
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discussion on the selection of the near-optimal set of corrections
ðεkÞ2nk ¼ 0 by means of the Particle Swarm Optimization (PSO)
algorithms since PSO can be considered as an intuitive choice for
such a complex identification problem.

4.1. PSO algorithms for APMS

PSO is an evolutionary computation technique based on the
social behavior metaphor, first introduced by Eberhart and Ken-
nedy in 1995 [31]. Through cooperation and competition among
the potential solutions, PSO often can find optima more quickly
when applied to complex optimization problems. Each individual
in PSO is treated as a volume-less particle (a material point) in the
D-dimensional space. The ith particle is represented by its coordi-
nates as Xi ¼ xi1; xi2;…; xiDð Þ; i¼ 1;2;…;m, where m is the popula-
tion's size. The previous position giving the best fitness value of
the ith particle in its flight trajectory is recorded as
pi ¼ pi1; pi2;…; piD

� �
. The index of the best particle among all

particles in the population is represented by symbol g; the velocity
of the ith particle is represented as Vi ¼ vi1; vi2;…; viDð Þ. The
particles are manipulated according to the following equations:

vid ¼wvidþc1r1 pid�xid
� �þc2r2 pgd�xid

� 	
;

xid ¼ xidþvid; i¼ 1;2;…;D; ð15Þ
where r1 and r2 are two random variables uniformly distributed in
the interval [0,1]; c1 and c2 are two positive acceleration constants
representing weightings of the stochastic terms that pull each
particle toward the particle's best and the global best; w is the
inertia weight balancing the global and the local search. The
original recommendation for PSO parameters was c1 ¼ c2 ¼ 2:0
and w¼1 – but later convergence analysis and parameter selection
studies did show that this set of parameters may lead to the
divergence of particles [32]. In 1999 Clerc indicated that that the
use of constriction factor may be necessary to ensure the con-
vergence of the PSO. In [33] Shi and Eberhart noted that Clerc's
recommended constriction factor is equivalent to c1 ¼ c2 ¼ 1:49
and w¼0.729 in (15). We denote this parameter set as PSO Set 1.
PSO convergence and stability analysis reported by Trelea [34] do
recommend that c1 ¼ c2 ¼ 1:7 and w¼0.6 – we select this para-
meter set as PSO Set 2. The other widely used set of parameters is
recommended by Carlisle and Dozier [35] with acceleration
coefficients c1 ¼ 2:041, c2 ¼ 0:948 and inertia weight w¼0.729 –

we select this parameter set as PSO Set 3. There have been no
definitive recommendations in the literature regarding the swarm
size in PSO. Most researchers use a swarm size of 10–60, but there
are no established guidelines [36]. We fix the PSO swarm size to 50
particles – the same swarm size was used in APES and APIS
computational setups. In order to test the functionality of all three
sets of PSO parameters we must preselect a time series. The Dow
Jones Industrial Average time series is used for that purpose; time
series data range provides 1896-05-26 to 2013-08-27 monthly
index observations made up of 11 US stocks [37]. We norm this
series by dividing all elements by the maximum element in this
sequence; RMSE errors produced in the validation step are pre-
sented in Table 1 at different orders n.

4.2. GA algorithms for APMS

Genetic algorithms are adaptive heuristic search algorithms
proposed by John Holland in 1975 [38] and are based on the
evolutionary ideas of natural selection and natural genetics [39].
The population of chromosomes undergoes transformations using
three primary genetic operators – selection, crossover and muta-
tion [40]. Every chromosome in our computational setup com-
prises a set of corrections ðεjÞ2nj ¼ 0 (genes are represented as real

numbers). The initial population comprises 50 chromosomes with
randomly generated values of genes; values of genes are limited in
the interval �0:2; 0:2½ �. The fitness function associated to every
chromosome is defined by Eq. (10). An even number of chromo-
somes are selected to the mating population from the initial
population; a random roulette wheel technique is used for that
purpose. We use a one-point arithmetic crossover method (the
location of the point is random for every pair of chromosomes).
We not only exchange genes; two new offspring chromosomes are
allowed to become more or less similar to each other and to their
parent chromosomes. The arithmetic crossover algorithm can be
described by the following equations:

τ kþ1ð Þ
j;L j � : ¼ βτ kð Þ

j;L þ 1�βð Þτ kð Þ
j;R ;

τ kþ1ð Þ
j;R j � : ¼ 1�βð Þτ kð Þ

j;L þβτ kð Þ
j;R ;

τ kþ1ð Þ
j;L j þ : ¼ βτ kð Þ

j;L þ 1�βð Þτ kð Þ
j;R ;

τ kþ1ð Þ
j;R j þ : ¼ 1�βð Þτ kð Þ

j;L þβτ kð Þ
j;R ; ð16Þ

where k is the generation number; τ kð Þ
j;L is a jth gene of the left

parent chromosome; τ kð Þ
j;R is a jth gene of the right parent chromo-

some; τ kþ1ð Þ
j;L is the jth gene of the left daughter chromosome;

τ kþ1ð Þ
j;R is the jth gene of the right daughter chromosome; the minus
sign in the subscript denotes that the jth gene is above the
crossover point; the plus sign in the subscript denotes that the
jth gene is below the crossover point. In any case, jth genes of
daughter chromosomes will fit into the interval τ kð Þ

j;L ; τ
kð Þ
j;R

h i
; the

parameter is the weight which governs dominant individual in
reproduction and it set between 0 and 1 [41]. Note that the
scheme (16) becomes a classical one-point crossover algorithm at
β¼ 0 or β¼ 1. The crossover operator is not usually applied to all
pairs of chromosomes in the intermediate population [42]. A
crossover coefficient κ characterizes a probability that the cross-
over procedure will be executed for a pair of chromosomes in the
mating population. A mutation procedure is used to prevent
convergence on one local solution and helps to seek the global
solution. The mutation parameter μð0rμo1Þ determines the
intensity of the mutation process [43]. We run through genes of
all chromosomes in the current generation and replace a gene
selected for the mutation by a random number evenly distributed
in the interval �0:2; 0:2½ �.

4.3. The selection of parameters of GA

In general, the selection of parameters of GA is an empirical
process, though some common principles are described in [44].
The following parameters of GA must be preselected: the cross-
over coefficient κ; the mutation parameter μ; the arithmetic
crossover parameter β and the number of generations. We will
use recommendations for a classical model of GA [38]. The cross-
over coefficient κ will be selected from the interval 0:5; 0:9½ �; the
mutation parameter μ – from the interval 0; 0:15½ �. As mentioned
previously, β we will be varied in the interval 0rβo1. There are
no definitive methods for establishing how many generations an
evolutionary algorithm should run for. GA may converge on good
solutions after only 80 generations; we use 40 generations in our
computational experiments.

Computational tests with the Dow Jones Industrial Average
time series do show that GA produces lower RSME (in the
validation stage) compared to PSO algorithms (Table 1). Variation
of three parameters κ, μ and β helps to identify a near-optimal set
κ¼ 0:7; μ¼ 0:1; β¼ 0:2 for the Dow Jones Industrial Average time
series (Table 1). In principle, such parameter fitting tests could be
performed for every time series to be forecasted – but we fix this
set of GA parameters and will use it for the prediction of all other
time series.
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5. Training and validation of the APMS model

5.1. Training

Wewill continue with Dow Jones Industrial Average time series
[37] and use it for parameter estimation of the proposed mixed
smoothing prediction model. The first task of the training process
is to identify the order of the sequence n and the optimal
smoothing value s. The order of the sequence is fixed in the range
2; 10½ �; thus the width of the observation window for the algebraic
model must comprise at least 21 observations ð2 � 10þ1¼ 21Þ for
the formation of the linear system of algebraic equation (5). The
validation process is required to examine different choices for the
sequence order n and the width of the smoothing window s.
Prediction errors (RMSE) for different n and s are presented in
Table 2; the lowest prediction errors are produced for n¼4 and
s¼1 (naïve moving averaging). Note that some cells in Table 2 are
empty – a longer smoothing window than the algebraic window is
considered as an infeasible choice.

5.2. The adequacy of the model

Checking for adequacy of the model basically comprises the
examination of the prediction residuals in the training set –

residuals must not differ significantly from pure random errors
(“white noise”) with zero mean [45–47]. For the white noise, the
theoretical auto-correlation function (ACF) and the partial auto-
correlation function (PACF) are both zero at all lags. In practice, all
the ACF and the PACF values of residuals should be within the
confidence bounds. It is also necessary to check if the residuals are
normally distributed and uncorrelated. Several diagnostic statistics
and plots of the residuals can be used to examine the goodness of
fit of the model to the historical data. The first of these is the
Ljung–Box portmanteau Q statistic. Q statistic is a test of the null
hypothesis that the ACF does not differ from zero, up to lag k
[47,48]

Q ¼ n nþ2ð Þ
Xh
k ¼ 1

ρ̂2k
n�k

; ð17Þ

where n is the sample size; ρ̂2k is the sample autocorrelation at lag
k, and h is the number of lags being tested. The Ljung–Box test
rejects the null hypothesis (indicating that the model has

significant lack of fit) if Q4χ21�α;h, where χ21�α;h is the α-quantile
of the Chi-squared distribution with h degrees of freedom. Lag-h
autocorrelation (the linear dependence of a variable with itself at
two points in time) is given by

ρ̂h ¼ Corr xt ; xt�hð Þ ¼ Ch

C0
; ð18Þ

where Ch is the autocovariance function

Ch ¼
1
N

XN�h

t ¼ 1

xt�xð Þ xtþh�x
� �

: ð19Þ

The denominator C0 is the lag 0 covariance, i.e., the uncondi-
tional variance of the process. The second test is to examine the
ACF and PACF plots of the residuals [45,49]. Since the residuals
should be white noise, the ACF and the PACF of the residuals
should contain no hint of being predictable. Such autocorrelations
and partial autocorrelations should be near zero (between the
confidence limits) for any-and-all time-lag separations. If the
process is not a random, then the ACF or/and the PACF are not
zero. Another way to test a goodness-of-fit is the Jarque–Bera test.
This is a test of null hypothesis that residuals have normal
distribution, its skewness is zero and excess kurtosis is zero. The
Jarque–Bera test statistic reads

JB¼ n
6

S2þ1
4
ðK�3Þ2

� �
; ð20Þ

where n is the number of observations (or degrees of freedom in

Table 1
RMSE errors produced in the validation step of the Dow Jones Industrial Average time series by APMS using PSO and GA algorithms (n is the order of the algebraic model; the
length of the chromosome is 2nþ1 ). Best values of RMSE (and best values of GA parameters) are shown in bold; κ is the crossover coefficient; μ is the mutation parameter; β
is the arithmetic crossover parameter.

PSOmodel n¼2 n¼3 n¼4 GA κ; μ; βð Þ n¼2 n¼3 n¼4

PSO set1ð Þ 0.0685 0.0599 0.0783 GA (0.7,0,0) 0.0628 0.0489 0.0713
PSO set2ð Þ 0.0729 0.0574 0.0755 GA (0.7,0.005,0) 0.0616 0.047 0.0453
PSO set3ð Þ 0.064 0.0581 0.0654 GA (0.7,0.01,0) 0.0555 0.0458 0.0434
GA κ; μ; βð Þ n¼2 n¼3 n¼4 GA (0.7,0.02,0) 0.0592 0.0453 0.0455
GA (0.99,0.05,0) 0.0576 0.0454 0.0452 GA (0.7,0.03,0) 0.0555 0.0454 0.0418
GA (0.9,0.05,0) 0.0544 0.0459 0.0469 GA (0.7,0.04,0) 0.0541 0.0454 0.0439
GA (0.8,0.05,0) 0.0534 0.0436 0.0456 GA (0.7,0.05,0) 0.0502 0.0459 0.0424
GA (0.7,0.05,0) 0.0507 0.0435 0.0424 GA (0.7,0.06,0) 0.0623 0.045 0.0433
GA (0.6,0.05,0) 0.0541 0.0439 0.0466 GA (0.7,0.07,0) 0.0584 0.0446 0.0412
GA (0.5,0.05,0) 0.055 0.0477 0.0468 GA (0.7,0.08,0) 0.0579 0.0433 0.0437
GA κ; μ; βð Þ n¼2 n¼3 n¼4 GA (0.7,0.09,0) 0.0543 0.0442 0.0425
GA (0.7,0.05,0) 0.0502 0.0459 0.0424 GA (0.7,0.1,0) 0.0502 0.0433 0.0411
GA (0.7,0.05,0.1) 0.0497 0.0449 0.0413 GA (0.7,0.11,0) 0.0577 0.0464 0.0508
GA (0.7,0.05,0.2) 0.0487 0.0443 0.039 GA (0.7,0.12,0) 0.0537 0.0487 0.0453
GA (0.7,0.05,0.3) 0.0501 0.0443 0.0405 GA (0.7,0.13,0) 0.0571 0.0463 0.0468
GA (0.7,0.05,0.4) 0.0514 0.0463 0.0431 GA (0.7,0.14,0) 0.0596 0.0455 0.0443
GA (0.7,0.05,0.5) 0.0498 0.0475 0.442 GA (0.7,0.15,0) 0.054 0.0488 0.0447

Table 2
APMS training – the selection of the order of the algebraic model n and the width of
the smoothing window s for Dow-Jones Industrial Average time series (the lowest
RMSE is in bold).

n s¼1 s¼2 s¼3 s¼4 s¼5 s¼10

2 0.0457 0.0556 0.0608 0.0719 0.0694 –

3 0.0431 0.0517 0.0639 0.0707 0.780 –

4 0.0389 0.0481 0.0608 0.0728 0.0658 –

5 0.0442 0.0553 0.0647 0.0729 0.0818 0.1098
6 0.0456 0.0548 0.0640 0.0742 0.0814 0.112
7 0.0435 0.0563 0.0651 0.0722 0.762 0.1107
8 0.0438 0.0559 0.0637 0.0737 0.0827 0.1116
9 0.046 0.0584 0.0659 0.0703 0.0817 0.1145

10 0.0454 0.0552 0.0652 0.077 0.0806 0.1185
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general); S is the sample skewness, and K is the sample kurtosis
[50,51]. It turns out that this test statistic is comparable with a Chi-
square distribution with 2 degrees of freedom. The null hypothesis
of normality is rejected if the calculated test statistic exceeds a
critical value from the χ21�α;h.

We test the randomness of the residuals for APMS model
training set. The ACF and the PCF of residuals show that there
are no significantly correlated coefficients. The Ljung–Box test Q
statistic yields 22.9862 and does not exceed the critical value
31.4104. So this test indicates that the model has a significant lack
of fit for the residuals. Since both tests did not reject that residuals
are randomly distributed, we consider that model selection is
adequate (Fig. 1).

The selected APMS model is used to predict the Dow–Jones
Industrial Average time series – one step-forward predictions are
illustrated in Fig. 2(A) and the prediction errors – in Fig. 2(B) (MAE
and RMSE are used to assess the performance of the predictor).

6. Computational experiments

Computational experiments with real world time series are
performed and assessed in this section. MA, SES, ARIMA, APES,
APIS, APMS models are tested on the Dow–Jones Industrial
Average time series, the Standard&Poor's index time series, St.
Louis Fed Financial Stress Index (STLFSI) time series, Odonovan
and Montgome time series. Results of the prediction by using
different models are presented in Table 3.

6.1. Comparisons with the Dow–Jones industrial average time series

We continue computational experiments with the Dow–Jones
Industrial Average time series and compare the functionality of the
proposed forecasting technique with other methods. Errors of
predictions produced by MA at s¼1 for the Dow–Jones Industrial
Average time series are illustrated in Fig. 2(C) (s¼1 was the best
selection for MA). Note that the produced RMSE value does not
outperform APMS predictions. Moreover, MA at s¼1 produces
direct projection of the preceding data into the future – APMS is a
much more sophisticated predictor in that sense.

The next comparison is performed with Simple Exponential
Smoothing (SES) method. SES assigns exponentially decreasing
weights as the observation get older

St ¼ αxt�1þ 1�αð ÞSt�1; ð21Þ

where t ¼ 1; 2; 3; …; S1 ¼ x0 and α is smoothing factor; 0rαr1
[52,53]. A series of computational experiments is performed for
the identification of the best value of RMSE – best results are
produced at α¼ 0:99 and illustrated in Fig. 2(D).

The functionality of APMS is also compared with the algebraic
predictor with external smoothing (APES) [24] (results are illu-
strated in Fig. 2(F)) and the algebraic prediction with internal
smoothing (APIS) [25]. Both APES and APIS models comprise the
same order of the Hankel matrix for the Dow–Jones Industrial
Average time series. It is clear that APES (at s¼1) is not capable to
produce good predictions of the Dow–Jones Industrial Average
time series. APIS performs much better; prediction results are
illustrated in Fig. 2(G).

Next, computational experiments are continued with Box–
Jenkins's time series autoregressive integrated moving average
procedure ARIMA [47] (Fig. 2(E)). First 51 values of Dow Jones
industrial monthly time series are used to estimate the ARIMA
model (ARIMA recommendations require to use at least 50 data
points to make statistically significant forecasts).

ACF and PCF of differenced series are more consistent with a
stationary process. There are no significantly correlated coeffi-
cients. Dickey–Fuller test rejects the null hypothesis of a unit root
that is present in an autoregressive model. The order of the
integrated part is set to 1.

Different models of ARIMA can be compared not only by
analyzing ACF and PACF functions, but also information criterions,
like Akaike's Information Criterion (AIC), can be used to select an
appropriate model [54]. Though visual inspection of ACF and PACF
provides a useful way to construct ARIMA model, the parameter
selection based on criterions like AIC is more objective [55]. AIC is
statistical model fit measure based on information theory. It
quantifies the relative goodness of fit of various previously derived
statistical models. The AIC provides a measure, which balances
between two approaches: the complexity of the model and the

0 10 20
−0.2

0

0.2

0.4

0.6

0.8

Lag

S
am

pl
e 

A
ut

oc
or

re
la

tio
n

Sample Autocorrelation Function

0 10 20
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Lag

S
am

pl
e 

P
ar

tia
l A

ut
oc

or
re

la
tio

ns

Sample Partial Autocorrelation Function

Fig. 1. The ACF and PACF plots of residuals of the APMS forecasting model for the first 51 points of the Dow Jones time series. The ACF and the PACF values of residuals mostly
are within the confidence bounds and display no patterns; the residuals are uncorrelated and can be considered as white noise. This proves that selected APMS model is
adequate.
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goodness of fit of the sample data. The formula of AIC [49] is

AIC ¼ 2
k
n

� �
�2

ln Lð Þ
n

; ð22Þ

where L is the maximized value of the likelihood function

(a function of the parameters of a statistical model), k is the
number of parameters in the model and n is the number of
observations. By comparing different forecasting models, the
selection of ARIMA parameters is based on AIC criterion, though
the Box and Jenkins scheme to specify and validate the model is
also considered. Model validation is based on examination of the
residuals if they are normally distributed and uncorrelated.

Due to previously mentioned tests, the ARIMA(1,1,0) model can
be considered as a validated model and can be used for forecast-
ing. As we can see in Fig. 2(C), the forecasting errors of ARIMA
(1,1,0) are not the lowest: RMSE is 0.0541 and MAE is 0.0400. The
success of APMS with The Dow Jones Industrial Average time
series can be explained by a clever balance between a rigorous
algebraic model, the smoothed non-linear skeleton and evolu-
tionary corrections – as represented in the target function (10). MA
cannot reveal its power for such a nonlinear and non-stationary
time series – and proceeds with the naïve predictions at s¼1
(Fig. 2(C)). The situation is almost identical with SES (α is 0.99).
ARIMA (whatever sophisticated the training is) yields the para-
meter set (1,1,0) – one could not expect much from such a model
(other parameter values produce only worse errors). APES exhibits
over-enthusiastic variability; APIS is over-smoothing the time
series. APMS is the best choice in terms of RMSE – but MA is the
best in terms of MAE. This divergence can be explained by the
differences in the formulations of the error metrics. Nevertheless,
APMS appears to be one of the best choices (from the tested
models) for the prediction of this time series.

6.2. S&P 500 time series forecasting

The S&P 500 is regarded as a gauge of the large cap US equities
market. The index includes 500 leading companies in leading
industries of the US economy, which are publicly held on either
the NYSE or NASDAQ, and covers 75% of US equities. Time series
contains daily 2013-01-02 to 2013-08-30 indexes [37]. APMS
training yields the order of the algebraic model n¼3 and the
moving average window s¼1. Forecasting results are compared in
Fig. 3. APMS forecasting results of this time series outperform
other models according to RMSE and MAE metrics Fig. 3. S&P time
series is also predicted by using MA (s¼1) and SES ðα¼ 0:9Þ. The
best ARIMA model for this financial time series is ARIMA(0,1,1).

APMS appears as the best predictor (from the ones tested with
the S&P 500 time series) both in respect of RSME and MAE. MA
cannot reveal its power at s¼1 (results at other values of s are only
worse); SES does not give a better result either. ARIMA training
yields the parameter set (0,1,1) which does not allow to expect
very good results. APES again over-estimates the variability of the
time series; APIS is not able to identify the algebraic model.
The S&P 500 time series is again non-linear – but not so much
non-stationary compared to The Dow Jones Industrial Average
time series. It seems that APMS is well suited for non-linear but
more stationary time series.
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Fig. 2. The Dow Jones Industrial Average time series (A) and prediction errors for
(B) APMS with n¼4, s¼1; (C) moving average forecasting, with s¼1; (D) SES(0.99);
(E) ARIMA(1,1,0); (F) APES with n¼3; (G) APIS with n¼3, s¼3.

Table 3
Results of the prediction by using different models.

Model MA SES ARIMA APES APIS APMS

Time series RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE

Dow Jones 0.0489 0.0377 0.0490 0.0378 0.0541 0.0400 0.2934 0.1371 0.0507 0.0411 0.0485 0.0378
S&P 500 0.0486 0.0389 0.0485 0.0387 0.0494 0.0382 0.1750 0.1166 0.1793 0.1608 0.0454 0.0357
STLFSI 0.0286 0.0189 0.0287 0.0190 0.0333 0.0231 0.5538 0.2171 0.0349 0.0229 0.0295 0.0199
Odonovan 0.2148 0.1966 0.1716 0.1601 0.1831 0.1515 0.8938 0.5859 0.1933 0.1758 0.2097 0.1917
Montgome 0.2095 0.1758 0.1947 0.1708 0.2014 0.1751 0.4471 0.3520 0.2112 0.1801 0.2309 0.1987
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6.3. STLFSI time series forecasting

The STLFSI (St. Louis Fed Financial Stress Index) measures the
degree of financial stress in the markets and is constructed from 18
weekly data series: seven interest rate series, six yield spreads and
five other indicators. Each of these variables captures some aspect
of financial stress. Accordingly, as the level of financial stress in the
economy changes, the data series are likely to move together. Data
range: monthly 1993-12-31 to 2013-08-23. We normed data in the
range [0, 1].

The training process is performed firstly; it yields the lowest
RMSE at n¼3 and s¼1. Note that APMS prediction errors do not
outperform MA (with window s¼1, Fig. 4(C)) and SES (α¼ 0:99 ,
Fig. 4(B)) models. It can be noted that APIS model with parameters
n¼2, s¼2 (Fig. 4(G)) works better than ARIMA(0,1,1) model in
Fig. 4(E). The worst results, again, are obtained with APES model.

The STLFSI time series is a difficult test for all predictors –

probably due to the structure of the data sequence. It seems like
two different time series were merged together – a highly variable
part between 0 and 55 – and a non-stationary part with a negative

trend and a large end-peak from 56 to 110 (Fig. 4). Probably, the
best forecasts for such a time series could be produced by a naïve
predictor. However, APMS clearly outperforms ARIMA (and also
APES and APIS). That demonstrates the ability of APMS to quickly
adapt to changing conditions (at least quicker than ARIMA, APES
and APIS).

6.4. Odonovan time series forecasting

Odonovan1.dat time series [56] represents consecutive yields of
batch chemical processes [56]. All 70 elements of this series are
normed into interval 0; 1½ �. Training set yields minimal RMSE
when APMS parameters are set to n¼6, s¼2. But now APMS is not
as good as compared to APIS or ARIMA models. Forecasting results
with ARIMA(1;0;0) in Fig. 5(D) produced the lowest errors –

RMSE¼0.1831; APIS(n¼2; s¼2) – RMSE¼0.1933.
APMS is not a best predictor for the Odonovan time series –

APMS is simply over-smoothing the time series (as well as MA at
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Fig. 3. The S&P 500 time series (A) and prediction errors for (B) APMS with n¼3,
s¼1; (C) moving average forecasting, with s¼1; (D) SES(0.9); (E) ARIMA(0,1,1);
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s¼2). The best predictor from the three algebraic ones (APES, APIS
and APMS) appears to be APIS. This is probably because the target
function of APIS does not contain any error metrics. Therefore APIS
is able to predict very short time series with minimal training
what becomes important for the Odonovan time series.

6.5. Montgome time series forecasting

Montgome8.dat time series [56] comprises 100 positive ele-
ments which are normed into interval 0; 1½ �. APMS training set
yields the lowest RMSE value at n¼5 and s¼3. Predictions of this
model are rather variable (Fig. 6(A) and (B)), but still less than that
produced by APES model (Fig. 6(F)). APIS model (n¼5 and s¼5)
outperforms APMS and ARIMA(1,0,0) models. Best forecasting
results are produced by SES model at α¼ 0:1.

The best predictor for the Montgome time series is SES. Again,
APMS and MA are over-smoothing. And again, APIS is the best
from the algebraic predictors.

7. Concluding remarks

APMS predictor is proposed in this paper. Evolutionary alge-
braic reconstruction of a near-optimal algebraic skeleton from the
available data has been also exploited in APES and APIS predictors,
yet APMS is a much more sophisticated predictor compared to the
two ones. The first major difference of APMS is that the error
metric is incorporated into the fitness function. Secondly, APMS
exploits the internal and the external smoothing as integral
components of the evolutionary procedure for the reconstruction
of the algebraic skeleton. Finally, both APES and APIS do require a
number of trials before a one-step forward prediction can be
determined. APMS can produce a single prediction in one trial
(pending successful training and validation). Thus, APMS is a much
more computationally effective scheme and does have a definite
potential for the real time forecasting of time series flows.

Computational experiments do demonstrate a good potential of
APMS for financial time series forecasting results for Dow–Jones,
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Fig. 5. The Odonovan time series (A) and prediction errors for (B) APMS with n¼6,
s¼2; (C) moving average forecasting, with s¼2; (D) SES(0.1); (E) ARIMA(1,0,0);
(F) APES with n¼6; (G) APIS with n¼2, s¼2.
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R. Palivonaite et al. / Neurocomputing 171 (2016) 854–865 863



S&P 500, STLFSI time series are promising. However, APMS did not
produce best results for Montgome and Odonovan time series. One
of the possible reasons is that the pre-selected order of the
algebraic model was too high, and the inherent smoothing of the
moving average became the dominating feature of the predictor. In
general, the main advantage of APMS over MA and SES is in the
ability to reconstruct the inherent variability of the time series
without a straightforward smoothing (and the associated time
delay effect) when the width of the observation window becomes
large. APMS offers a rather simple procedure for the selection of
the predictor parameters (if compared to ARIMA) and can operate
using very small data sets. The major innovation of APMS is in the
identification of near optimal algebraic skeletons, which represent
a conciliation between algebraic interpolants, smoothed averages
and best fits in terms of the model accuracy. It seems that APMS is
a good choice for non-linear but stationary time series. This is not
a very unexpected result since the order of the algebraic model is
not changing during the time. This feature opens possibilities for
an effective exploitation of APMS in time series segmentation
applications. On the other hand, APMS does not work well with
very short time series. That can be explained by the fact that the
error metrics is present in the target function of the APMS model,
and APMS needs more data to train compared to APES or APIS
models. Anyway, we can only repeat the statement mentioned in
the introduction – a predictor that can outperform all other
predictors in all possible situations does not (and probably will
not ever) exist. Hybrid prediction models widen the areas of
applicability of the prediction techniques. Thus, an incorporation
of APMS into a hybrid model is a definite objective of future
research.

The performance of the APMS still could be improved by
improving the performance of evolutionary algorithms, or even
developing a new evolutionary strategy for the identification of
the near-optimal algebraic skeleton. These challenges also remain
a definite objective of future research.
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